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The method of normal forms for smooth vector fields with an equilibrium point is very well known.


To determine normal forms for piecewise smooth vector fields is a different issue. We have different vector 
fields separated by a discontinuar line, so the change of variables depend on the zone where the change acts. 
Piecewise smooth vector fields can have at the separation boundary pseudo-equilibrium points where the 
vector fields do not vanish but they are true equilibrium for the whole vector field. 


Moreover, to guarantee the topological equivalence of the initial vector field ant the simplified one we have to 
use only change of variables which make invariant every point of the discontinuity line.


The main aim of this talk is to propose a method to obtain normal forms for planar piecewise smooth vector 
fields with a discontinuity line in a neighborhood of a pseudo-focus.
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 Setting of the problem
We consider the system
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ẋ
ẏ
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ẏ

◆
= F+(x) =

✓
F+
1 (x, y)

F+
2 (x, y)

◆

<latexit sha1_base64="dAvsMU9yXFU/w4T3Hfj77HhiBoM=">AAAB5HicbZDNTgIxFIXvICriH+rSTSMxcUVmNEQXLohuXGKUnwQmpFPuQEPnJ23HSCa8ga6MuvMlfA1fwLexAywUPKuv95wm91wvFlxp2/62civ51bX1wkZxc2t7Z7e0t99UUSIZNlgkItn2qELBQ2xorgW2Y4k08AS2vNF15rceUCoehfd6HKMb0EHIfc6oNqO7x0u7VyrbFXsqsgzOHMq1/OdZpnqv9NXtRywJMNRMUKU6jh1rN6VScyZwUuwmCmPKRnSAHYMhDVC56XTVCTn2I0n0EMn0/Tub0kCpceCZTED1UC162fA/r5No/8JNeRgnGkNmIsbzE0F0RLLGpM8lMi3GBiiT3GxJ2JBKyrS5S9HUdxbLLkPztOJUK/atucMVzFSAQziCE3DgHGpwA3VoAIMBPMMbvFu+9WS9WK+zaM6a/zmAP7I+fgBf2I0H</latexit>

x < 0
<latexit sha1_base64="8oYOf8woEQgKw6HLsiieKFStv8E=">AAAB5HicbZDNTgIxFIXvICriH+rSTSMxcUVmNERXhujGJUb5SWBCOuUONHR+0naMZMIb6MqoO1/C1/AFfBs7wELBs/p6z2lyz/ViwZW27W8rt5JfXVsvbBQ3t7Z3dkt7+00VJZJhg0Uikm2PKhQ8xIbmWmA7lkgDT2DLG11nfusBpeJReK/HMboBHYTc54xqM7p7vLR7pbJdsaciy+DMoVzLf55lqvdKX91+xJIAQ80EVarj2LF2Uyo1ZwInxW6iMKZsRAfYMRjSAJWbTledkGM/kkQPkUzfv7MpDZQaB57JBFQP1aKXDf/zOon2L9yUh3GiMWQmYjw/EURHJGtM+lwi02JsgDLJzZaEDamkTJu7FE19Z7HsMjRPK061Yt+aO1zBTAU4hCM4AQfOoQY3UIcGMBjAM7zBu+VbT9aL9TqL5qz5nwP4I+vjB2LWjQk=</latexit>

x > 0

5



Setting of the problem
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 Setting of the problem
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 Setting of the problem
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Main hypotheses:



Normalized initial system 
(after a rescaling in time and in x for each side and assuming positive rotation sense)
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Normalized initial system 
(after a rescaling in time and in x for each side and assuming positive rotation sense)

Our goal is to get a locally topologically equivalent system as simple as possible: a normal form 9



Some remarks

• We must work by doing transformations on each side that preserve the points 
at the discontinuity line, in order to not destroy possible closed orbits.


• The left system becomes the right one, after the change of variables and 
parameters


• Therefore, for the analysis, we only need to pay attention to one of the two 
sub-systems. For definiteness, we will work with the right one.
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 Quasi-homogeneus polynomial decomposition
(Key idea for controlling the influence of near-identity transformations)
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Definitions

(a) A scalar polynomial function f(x) is quasi-homogeneous of type (p1, p2)
and order k if all its monomials xa1ya2 satisfy a1p1 + a2p2 = k.

(b) A polynomial vector field F(x) = (F1(x), F2(x))> is quasi-homogeneous
of type (p1, p2) and degree k if both components are quasi-homogeneous
functions of type (p1, p2), being the first component F1 of order k + p1
while the second component F2 is of order k + p2.
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 Quasi-homogeneus polynomial decomposition
(Key idea for controlling the influence of near-identity transformations)
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Example for type (2,1) quasi-homogeneity (the exponent of x is multiplied by 2, the one of y by 1):
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◆
quasi-homogeneous polynomial of order 3

Example for type (2,1) quasi-homogeneity (the exponent of x is multiplied by 2, the one of y by 1):
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 Quasi-homogeneus polynomial decomposition
(Key idea for controlling the influence of near-identity transformations)
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quasi-homogeneous polynomial of order 2

Example for type (2,1) quasi-homogeneity (the exponent of x is multiplied by 2, the one of y by 1):
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 Quasi-homogeneus polynomial decomposition
(Key idea for controlling the influence of near-identity transformations)
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functions of type (p1, p2), being the first component F1 of order k + p1
while the second component F2 is of order k + p2.

<latexit sha1_base64="Rc6iEgB+9G2H/CtIapKW2QBz04Q="></latexit>✓
a03y3 + a11xy
b02y2 + b10x

◆
quasi-homogeneous polynomial vector of degree 1

Example for type (2,1) quasi-homogeneity (the exponent of x is multiplied by 2, the one of y by 1):

15



(the vector field can be ordered by type (2,1) quasi-homogeneous vector polynomials of degree -1,0,1,2,…)

 Quasi-homogeneus polynomial decomposition
<latexit sha1_base64="oimQVL2v8DYANLjvm8TjFW1ydXM="></latexit>

Proposition 2 System (3)-(4) can be written as a sum of quasi-homogeneous
polynomial vectors fields Fr of type (2, 1) and degree r, as follows

ẋ = F±
�1(x) + F±

0 (x) + · · ·+ F±
r�1(x) + F±

r (x) + · · ·

where the superscripts ± stand for ±x > 0, and the most significant term is
F±

�1(x) = (�y,±1)>.
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(the vector field can be ordered by type (2,1) quasi-homogeneous vector polynomials of degree -1,0,1,2,…)

 Quasi-homogeneous polynomial decomposition
<latexit sha1_base64="oimQVL2v8DYANLjvm8TjFW1ydXM="></latexit>

Proposition 2 System (3)-(4) can be written as a sum of quasi-homogeneous
polynomial vectors fields Fr of type (2, 1) and degree r, as follows

ẋ = F±
�1(x) + F±

0 (x) + · · ·+ F±
r�1(x) + F±

r (x) + · · ·

where the superscripts ± stand for ±x > 0, and the most significant term is
F±

�1(x) = (�y,±1)>.

<latexit sha1_base64="Velx6tOyFwFqtjwjwmHX8szF2DY="></latexit>

It su�ces to do the change of variables (x, y) ! ("2x, "y) to get

✓
ẋ
ẏ

◆
= "�1

✓
�y
1

◆
+

✓
a10x+ a02y2

b01y

◆
+"

✓
a03y3 + a11xy
b02y2 + b10x

◆
+"2

✓
a04y4 + a12xy2 + a20x2

b03y3 + b11xy

◆
+ · · ·

and afterthat, to put " = 1.
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 Main results
<latexit sha1_base64="w/0XYzpFVh1K3GI169ZETN8RFRk="></latexit>

Theorem 1 For any natural number n > 1, system (3)-(4) is, in a neighbour-
hood of the origin, topologically equivalent to a system of the form

ẋ =

0

B@
�y +

nX

k=1

µ±
2ky

2k

±1

1

CA+
X

k>2n

G±
k (x),

where the symbol ‘+’ applies for x > 0 and the symbol ‘�’ does for x 6 0, and
the terms G±

k (x) are quasi-homogeneous polynomial vector fields of type (2, 1)
and degree k.
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 Main results
<latexit sha1_base64="w/0XYzpFVh1K3GI169ZETN8RFRk="></latexit>

Theorem 1 For any natural number n > 1, system (3)-(4) is, in a neighbour-
hood of the origin, topologically equivalent to a system of the form

ẋ =

0

B@
�y +

nX

k=1

µ±
2ky

2k

±1

1

CA+
X

k>2n

G±
k (x),

where the symbol ‘+’ applies for x > 0 and the symbol ‘�’ does for x 6 0, and
the terms G±

k (x) are quasi-homogeneous polynomial vector fields of type (2, 1)
and degree k.

normal form up to degree 2n-1

(separable, Hamiltonian structure)

19



(some computational issues)
 Main results

<latexit sha1_base64="Fa7KutZGzyaB2Y5l8qbC+Z/4a0E="></latexit>

The coe�cients µ±
2k have involved expressions in terms of the original coe�cients. These

expressions reduce significantly by removing first the terms a±10x through the linear change
y ! y � a±10x, leading to the new coe�cients (superscripts ± omitted for brevity)

ã10 = 0, b̃10 = a10b01 + b10, b̃01 = a10 + b01,

while for p+ q > 2, we have

ãpq =
pX

r=0

✓
p+ q � r

q

◆
ar,p+q�r a

p�r
10 , b̃pq =

pX

r=0

✓
p+ q � r

q

◆
(br,p+q�r � a10 ar,p+q�r) a

p�r
10 .
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(some computational issues)
 Main results

<latexit sha1_base64="+W7s9c/4aoCBkxVKPWAU25n6cw0="></latexit>

In terms of these new tilde-coe�cients, where already ã10 = 0, we get

µ+
2 = ã+02 + b̃+01, µ�

2 = ã�02 � b̃�01,

and
3µ+

4 = 2ã+20 + 3ã+04 + ã+12 + ã+02

⇣
5ã+03 + ã+11 � 5ã+02b̃

+
01 + 2b̃+02 � 7(b̃+01)

2
⌘

�b̃+01

⇣
b̃+02 � 2ã+03 + 2(b̃+01)

2 + b̃+10

⌘
+ b̃+11 + 3b̃+03,

3µ�
4 = 2ã�20 + 3ã�04 � ã�12 + ã�02

⇣
5ã�03 � ã�11 + 5ã�02b̃

�
01 � 2b̃�02 � 7(b̃�01)

2
⌘

+b̃�01

⇣
�b̃�02 � 2ã�03 + 2(b̃�01)

2 + b̃�10

⌘
+ b̃�11 � 3b̃�03,

where we emphasize the possible simplification when some ã02 or b̃01 vanishes.

21



<latexit sha1_base64="o0F0mqhC5ivi5qKNqKhB/R4kSOM="></latexit>

Key Lemma If the vector fields Fl and Gm are quasi-homogeneous of type p
and degree l and m respectively, then the Lie bracket

[Fl,Gm] = DFl(x)Gm(x)�DGm(x)Fl(x)

is a quasi-homogeneous vector field of type p and degree l +m.

22
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Quasi-homogeneous normal form approach
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Assume that the smooth system ẋ = F(x) is already written as a sum of quasi-
homogeneous terms Fi of degree i and type p,

F(x) = Fl(x) + Fl+1(x) + · · ·+ Fl+k(x) + · · · =
X

i>l

Fi(x).

Next, the near-identity change of variables of the form

x = w +Pr(w),

where w = (u, v) and Pr(w) is a polynomial vector field of type p and degree
r to be determined later, produces

ẇ = [I +DPr(w)]�1
X

i>l

Fi(w +Pr(w)).

23
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By expanding the RHS around the origin, we obtain

ẇ =
⇥
I �DPr(w) + DPr(w)

2 � · · ·
⇤X

i>l

[Fi(w) + DFi(w)Pr(w) + · · · ] ,

or equivalently,

ẇ =

r�1X

k=0

Fl+k(w) + [Fl+r(w)�DPr(w)Fl(w) + DFl(w)Pr(w)] +R(w),

where the remainder

R(w) =

X

k>r+1

Gl+k(w)

contains all the terms of degree greater or equal to l + r + 1. 24
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By expanding the RHS around the origin, we obtain

ẇ =
⇥
I �DPr(w) + DPr(w)

2 � · · ·
⇤X

i>l

[Fi(w) + DFi(w)Pr(w) + · · · ] ,

or equivalently,

ẇ =

r�1X

k=0

Fl+k(w) + [Fl+r(w)�DPr(w)Fl(w) + DFl(w)Pr(w)] +R(w),

where the remainder

R(w) =

X

k>r+1

Gl+k(w)

contains all the terms of degree greater or equal to l + r + 1.

quasi-homogeneous vector polynomials up to degree l+r-1 (not changed)

25
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By expanding the RHS around the origin, we obtain

ẇ =
⇥
I �DPr(w) + DPr(w)

2 � · · ·
⇤X

i>l

[Fi(w) + DFi(w)Pr(w) + · · · ] ,

or equivalently,

ẇ =

r�1X

k=0

Fl+k(w) + [Fl+r(w)�DPr(w)Fl(w) + DFl(w)Pr(w)] +R(w),

where the remainder

R(w) =

X

k>r+1

Gl+k(w)

contains all the terms of degree greater or equal to l + r + 1.

new quasi-homogeneous vector polynomial of degree l+r

26
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By expanding the RHS around the origin, we obtain

ẇ =
⇥
I �DPr(w) + DPr(w)

2 � · · ·
⇤X

i>l

[Fi(w) + DFi(w)Pr(w) + · · · ] ,

or equivalently,

ẇ =

r�1X

k=0

Fl+k(w) + [Fl+r(w)�DPr(w)Fl(w) + DFl(w)Pr(w)] +R(w),

where the remainder

R(w) =

X

k>r+1

Gl+k(w)

contains all the terms of degree greater or equal to l + r + 1.

new quasi-homogeneous vector polynomial of degree l+r
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Fl+r(w)� [Pr,Fl](w)
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Thus, in order to remove as much terms as possible of degree l + r we must
consider the partial or total compatibility of the homological equation

L[Pr(w)] := [Pr,Fl](w) = Fl+r(w),

where we assume fixed the term Fl.

28

A short review for the smooth case
Quasi-homogeneous normal form approach

So far, the standard normal formal approach for smooth systems!



(Adapting quasi-homogeneous normal forms for pseudo-focus analysis)
 Sketch of the proof of Theorem 1

• We have to work for each side separately.


• As we need to preserve the points at the discontinuity manifold, only some 
possible transformations are admissible.


• Therefore, for sake of simplicity, we use near-identity transformations not 
changing the second variable at all.
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 From the normal form to the return maps

30



(Extended return maps are proper analytical involutions at the origin)
 Some results on return maps around a pseudo-focus
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PL(y)
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PR(y)
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We can extend the half-return maps by considering their inverses and
writing

P̃L(y) =

8
<

:

PL(y), if y > 0,
0, if y = 0,
P�1
L (y), if y < 0,

P̃R(y) =

8
<

:

P�1
R (y), if y > 0,

0, if y = 0,
PR(y) if y < 0,

so that these new bi-directional maps become proper involutions, that
is P̃L = P̃�1

L , and P̃R = P̃�1
R .
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(Extended return maps are proper analytical involutions at the origin)
 Some results on return maps around a pseudo-focus
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PR(y)
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We can extend the half-return maps by considering their inverses and
writing

P̃L(y) =

8
<

:

PL(y), if y > 0,
0, if y = 0,
P�1
L (y), if y < 0,

P̃R(y) =

8
<

:

P�1
R (y), if y > 0,

0, if y = 0,
PR(y) if y < 0,

so that these new bi-directional maps become proper involutions, that
is P̃L = P̃�1

L , and P̃R = P̃�1
R .
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Proposition 3 For system (1) satisfying hypotheses (H1)-(H3) the functions

P̃L and P̃R are proper analytical involutions at the origin.
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Computing return maps from the normal form
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Proposition 6. If we introduce for k > 1 the notation µ±
k = (µ±

2 , µ
±
4 , · · · , µ

±
2k�2, µ

±
2k),

then the analytical involutions at the origin corresponding to the maps P̃R and P̃L are

P̃R(y) = �y+
X

k>1

(↵+
2ky

2k+↵+
2k+1y

2k+1), P̃L(y) = �y+
X

k>1

(↵�
2ky

2k+↵�
2k+1y

2k+1),where

↵±
2 =

2

3
µ±
2 , ↵±

3 = h̃3(µ
±
1 ) = �4

9
(µ±

2 )
2, ↵±

4 =
2

5
µ±
4 + h4(µ

±
1 ) =

2

5
µ±
4 +

16

27
(µ±

2 )
3.

↵±
5 = h5(µ

±
2 ) = �64

81
(µ±

2 )
4 � 4

5
µ±
2 µ

±
4 , . . .

In general, for 2 6 k 6 n, we have ↵±
2k =

2µ±
2k

2k + 1
+ h̃2k(µ

±
k�1), ↵±

2k+1 = h̃2k+1(µ
±
k ),

being h̃2k and h̃2k+1 polynomial functions such that h̃2k(0) = h̃2k+1(0) = 0.
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Proposition 7 The di↵erence map D̃(y) = P�1
R (y)� PL(y) is given by

D̃(y) =
X

k>1

(V2ky
2k + V2k+1y

2k+1),

where the coe�cients Vj = ↵+
j � ↵�

j for j > 2, and the values ↵±
j come from the above

proposition. In particular,

V2 =
2

3
(µ+

2 � µ�
2 ), V3 = �4

9

�
(µ+

2 )
2 � (µ�

2 )
2
�
,

and for k > 2

V2k =
2(µ+

2k � µ�
2k)

2k + 1
+ h̃2k(µ

+
k�1)� h̃2k(µ

�
k�1), V2k+1 = h̃2k+1(µ

+
k )� h̃2k+1(µ

�
k ),

where the functions h̃2k and h̃2k+1 are the ones introduced before. 34
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Remark. Given p > 1, when µ+
2k = µ�

2k for 1 6 k 6 p� 1, but µ+
2p 6= µ�

2p, that

is µ+
p�1 = µ�

p�1 and µ+
p 6= µ�

p , then Vk = 0 for 2 6 k 6 2p� 1 and so

D̃(y) =
X

k>p

(V2ky
2k + V2k+1y

2k+1), with V2p =
2(µ+

2p � µ�
2p)

2p+ 1
6= 0.

In this case, the origin is called a weak focus or order p, being stable (resp.
unstable) if V2p < 0 (resp. V2p > 0). If for all k > 1 we have µ+

2k = µ�
2k, then

the displacement map satisfies D̃(y) ⌘ 0 in a neighborhood of the origin, which
becomes a pseudo-center surrounded by a periodic annulus.
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Application examples
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<latexit sha1_base64="Ipu0eZVKALyKGRXRukk3CN7VhuI=">AAACBHicbVC7SgNBFJ31GdfXqqXNaBAiwbAriDaCaGMZwWggiWF2cmMGZx/M3BWXJa2W/ohWonYW1v6AH2LvJKbQxFOde8+5w5zjx1JodN1Pa2x8YnJqOjdjz87NLyw6S8tnOkoUhwqPZKSqPtMgRQgVFCihGitggS/h3L866unn16C0iMJTTGNoBOwyFG3BGZpV01mrtyLMbrr72MyKXXqzlRbrLZDIaHqxbVNq200n75bcPugo8QYkf5AvfL3f1zfLTefDvMmTAELkkmld89wYGxlTKLiErl1PNMSMX7FLqBkasgB0I+tH6dKNdqQodoD259/ejAVap4FvPAHDjh7Wesv/tFqC7b1GJsI4QQi5sRitnUiKEe01QltCAUeZGsK4EuaXlHeYYhxNb7343nDYUXK2XfJ2Su6J6eGQ/CBHVsk6KRCP7JIDckzKpEI4uSOP5IW8WrfWg/VkPf9Yx6zBzQr5A+vtG0UzmXw=</latexit>

ẋ = t+x� y + �y2
<latexit sha1_base64="TYutjO0mJjl2OfaGSB/rYBh6o58=">AAAB+XicbVDLSgNBEOyNr7i+VgUvXgaDEAmEXUH0IgS9eIxgHpCEMDuZJENmH8zMisu63+A36EnUm3/g2R/wQ7w7m+SgiXWq7qpuussNOZPKtr+M3MLi0vJKftVcW9/Y3LK2d+oyiAShNRLwQDRdLClnPq0ppjhthoJiz+W04Y4uM71xS4VkgX+j4pB2PDzwWZ8RrHSra+21e4FK4vTcQaVeNymldyZCptm1CnbZHgPNE2dKCpVC8fvjoX1U7VqfehGJPOorwrGULccOVSfBQjHCaWq2I0lDTEZ4QFua+tijspOM70/RYT8QSA0pGte/vQn2pIw9V3s8rIZyVsua/2mtSPXPOgnzw0hRn2iL1voRRypAWQyoxwQliseaYCKYvhKRIRaYKB1W9r4z++w8qR+XnZOyfa1zuIAJ8rAPB1AEB06hAldQhRoQuIcneIU3IzEejWfjZWLNGdOZXfgD4/0HJDSU+w==</latexit>

ẏ = 1 + d+x
<latexit sha1_base64="l+Qpo1x1vuDJeKg8Blbs4FDaIAo=">AAAB+nicbVC7SgNBFJ31GdfXqoWFzWAQIpKwK4g2QtDGMoJ5QLKE2ckkGTL7YOauGNb9Bv9BK1E7v8DaH/BD7J1NUmjiqc6959xhzvEiwRXY9pcxN7+wuLScWzFX19Y3Nq2t7ZoKY0lZlYYilA2PKCZ4wKrAQbBGJBnxPcHq3uAy0+u3TCoeBjcwjJjrk17Au5wS0Ku2tdvqhJAM0/Oic9RpJ8UU35kYm2bbytslewQ8S5wJyZfzhe+Ph9ZhpW196pdo7LMAqCBKNR07AjchEjgVLDVbsWIRoQPSY01NA+Iz5SajACk+6IYSQ5/h0fzbmxBfqaHvaY9PoK+mtWz5n9aMoXvmJjyIYmAB1RatdWOBIcRZD7jDJaMghpoQKrn+JaZ9IgkF3VYW35kOO0tqxyXnpGRf6x4u0Bg5tIf2UQE56BSV0RWqoCqiKEVP6BW9GffGo/FsvIytc8bkZgf9gfH+A5allTQ=</latexit>

ẏ = �1 + d�x

<latexit sha1_base64="lBanR8PvwALRsUSWUSPxmBcaaf8=">AAAB+XicbVDLSgNBEJz1GdfXquDFy2AQ4iFhVxC9CEEvHiOYByQhzE5mkyGzD2Z6Jcuab/Ab9CTqzT/w7A/4Id6dTXLQxDpVd1U33eVGgiuw7S9jYXFpeWU1t2aub2xubVs7uzUVxpKyKg1FKBsuUUzwgFWBg2CNSDLiu4LV3cFVptfvmFQ8DG4hiVjbJ72Ae5wS0K2Otd/qhpAORxfQSYujYREnJsam2bHydskeA88TZ0ry5Xzh++OhdVzpWJ96EY19FgAVRKmmY0fQTokETgUbma1YsYjQAemxpqYB8Zlqp+P7R/jICyWGPsPj+rc3Jb5Sie9qj0+gr2a1rPmf1ozBO2+nPIhiYAHVFq15scAQ4iwG3OWSURCJJoRKrq/EtE8koaDDyt53Zp+dJ7WTknNasm90Dpdoghw6QIeogBx0hsroGlVQFVF0j57QK3ozUuPReDZeJtYFYzqzh/7AeP8Bsm6VVg==</latexit>

ẋ = t�x� y

1. A linear-quadratic system with pseudo-focus at the origin
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Application examples
1. A linear-quadratic system with pseudo-focus at the origin

<latexit sha1_base64="dAvsMU9yXFU/w4T3Hfj77HhiBoM=">AAAB5HicbZDNTgIxFIXvICriH+rSTSMxcUVmNEQXLohuXGKUnwQmpFPuQEPnJ23HSCa8ga6MuvMlfA1fwLexAywUPKuv95wm91wvFlxp2/62civ51bX1wkZxc2t7Z7e0t99UUSIZNlgkItn2qELBQ2xorgW2Y4k08AS2vNF15rceUCoehfd6HKMb0EHIfc6oNqO7x0u7VyrbFXsqsgzOHMq1/OdZpnqv9NXtRywJMNRMUKU6jh1rN6VScyZwUuwmCmPKRnSAHYMhDVC56XTVCTn2I0n0EMn0/Tub0kCpceCZTED1UC162fA/r5No/8JNeRgnGkNmIsbzE0F0RLLGpM8lMi3GBiiT3GxJ2JBKyrS5S9HUdxbLLkPztOJUK/atucMVzFSAQziCE3DgHGpwA3VoAIMBPMMbvFu+9WS9WK+zaM6a/zmAP7I+fgBf2I0H</latexit>

x < 0
<latexit sha1_base64="8oYOf8woEQgKw6HLsiieKFStv8E=">AAAB5HicbZDNTgIxFIXvICriH+rSTSMxcUVmNERXhujGJUb5SWBCOuUONHR+0naMZMIb6MqoO1/C1/AFfBs7wELBs/p6z2lyz/ViwZW27W8rt5JfXVsvbBQ3t7Z3dkt7+00VJZJhg0Uikm2PKhQ8xIbmWmA7lkgDT2DLG11nfusBpeJReK/HMboBHYTc54xqM7p7vLR7pbJdsaciy+DMoVzLf55lqvdKX91+xJIAQ80EVarj2LF2Uyo1ZwInxW6iMKZsRAfYMRjSAJWbTledkGM/kkQPkUzfv7MpDZQaB57JBFQP1aKXDf/zOon2L9yUh3GiMWQmYjw/EURHJGtM+lwi02JsgDLJzZaEDamkTJu7FE19Z7HsMjRPK061Yt+aO1zBTAU4hCM4AQfOoQY3UIcGMBjAM7zBu+VbT9aL9TqL5qz5nwP4I+vjB2LWjQk=</latexit>

x > 0
<latexit sha1_base64="Ipu0eZVKALyKGRXRukk3CN7VhuI=">AAACBHicbVC7SgNBFJ31GdfXqqXNaBAiwbAriDaCaGMZwWggiWF2cmMGZx/M3BWXJa2W/ohWonYW1v6AH2LvJKbQxFOde8+5w5zjx1JodN1Pa2x8YnJqOjdjz87NLyw6S8tnOkoUhwqPZKSqPtMgRQgVFCihGitggS/h3L866unn16C0iMJTTGNoBOwyFG3BGZpV01mrtyLMbrr72MyKXXqzlRbrLZDIaHqxbVNq200n75bcPugo8QYkf5AvfL3f1zfLTefDvMmTAELkkmld89wYGxlTKLiErl1PNMSMX7FLqBkasgB0I+tH6dKNdqQodoD259/ejAVap4FvPAHDjh7Wesv/tFqC7b1GJsI4QQi5sRitnUiKEe01QltCAUeZGsK4EuaXlHeYYhxNb7343nDYUXK2XfJ2Su6J6eGQ/CBHVsk6KRCP7JIDckzKpEI4uSOP5IW8WrfWg/VkPf9Yx6zBzQr5A+vtG0UzmXw=</latexit>

ẋ = t+x� y + �y2
<latexit sha1_base64="TYutjO0mJjl2OfaGSB/rYBh6o58=">AAAB+XicbVDLSgNBEOyNr7i+VgUvXgaDEAmEXUH0IgS9eIxgHpCEMDuZJENmH8zMisu63+A36EnUm3/g2R/wQ7w7m+SgiXWq7qpuussNOZPKtr+M3MLi0vJKftVcW9/Y3LK2d+oyiAShNRLwQDRdLClnPq0ppjhthoJiz+W04Y4uM71xS4VkgX+j4pB2PDzwWZ8RrHSra+21e4FK4vTcQaVeNymldyZCptm1CnbZHgPNE2dKCpVC8fvjoX1U7VqfehGJPOorwrGULccOVSfBQjHCaWq2I0lDTEZ4QFua+tijspOM70/RYT8QSA0pGte/vQn2pIw9V3s8rIZyVsua/2mtSPXPOgnzw0hRn2iL1voRRypAWQyoxwQliseaYCKYvhKRIRaYKB1W9r4z++w8qR+XnZOyfa1zuIAJ8rAPB1AEB06hAldQhRoQuIcneIU3IzEejWfjZWLNGdOZXfgD4/0HJDSU+w==</latexit>

ẏ = 1 + d+x
<latexit sha1_base64="l+Qpo1x1vuDJeKg8Blbs4FDaIAo=">AAAB+nicbVC7SgNBFJ31GdfXqoWFzWAQIpKwK4g2QtDGMoJ5QLKE2ckkGTL7YOauGNb9Bv9BK1E7v8DaH/BD7J1NUmjiqc6959xhzvEiwRXY9pcxN7+wuLScWzFX19Y3Nq2t7ZoKY0lZlYYilA2PKCZ4wKrAQbBGJBnxPcHq3uAy0+u3TCoeBjcwjJjrk17Au5wS0Ku2tdvqhJAM0/Oic9RpJ8UU35kYm2bbytslewQ8S5wJyZfzhe+Ph9ZhpW196pdo7LMAqCBKNR07AjchEjgVLDVbsWIRoQPSY01NA+Iz5SajACk+6IYSQ5/h0fzbmxBfqaHvaY9PoK+mtWz5n9aMoXvmJjyIYmAB1RatdWOBIcRZD7jDJaMghpoQKrn+JaZ9IgkF3VYW35kOO0tqxyXnpGRf6x4u0Bg5tIf2UQE56BSV0RWqoCqiKEVP6BW9GffGo/FsvIytc8bkZgf9gfH+A5allTQ=</latexit>

ẏ = �1 + d�x

<latexit sha1_base64="lBanR8PvwALRsUSWUSPxmBcaaf8=">AAAB+XicbVDLSgNBEJz1GdfXquDFy2AQ4iFhVxC9CEEvHiOYByQhzE5mkyGzD2Z6Jcuab/Ab9CTqzT/w7A/4Id6dTXLQxDpVd1U33eVGgiuw7S9jYXFpeWU1t2aub2xubVs7uzUVxpKyKg1FKBsuUUzwgFWBg2CNSDLiu4LV3cFVptfvmFQ8DG4hiVjbJ72Ae5wS0K2Otd/qhpAORxfQSYujYREnJsam2bHydskeA88TZ0ry5Xzh++OhdVzpWJ96EY19FgAVRKmmY0fQTokETgUbma1YsYjQAemxpqYB8Zlqp+P7R/jICyWGPsPj+rc3Jb5Sie9qj0+gr2a1rPmf1ozBO2+nPIhiYAHVFq15scAQ4iwG3OWSURCJJoRKrq/EtE8koaDDyt53Zp+dJ7WTknNasm90Dpdoghw6QIeogBx0hsroGlVQFVF0j57QK3ozUuPReDZeJtYFYzqzh/7AeP8Bsm6VVg==</latexit>

ẋ = t�x� y

<latexit sha1_base64="fg2g88ONxrqPLaj6WIt2SykzcPA="></latexit>

µ+
2 = � + t+,

µ+
4 = � t+

3
(d+ + 2t2+ + 6t+� + 5�2),

µ+
6 =

t+
45

(9d2+ + 44d+t2+ + 52t4+ + 94d+t+� + 260t3+� + 50d+�2

+476t2+�
2 + 350t+�3 + 70�4),

µ+
8 = � t+

945

�
135d3+ + 1176d2+t

2
+ + 3508d+t4+ + 3392t6+

+2184d2+t+� + 14584d+t3+� + 23744t5+� + 1017d2+�
2

+22008d+t2+�
2 + 67724t4+�

2 + 13600d+t+�3 + 98224t3+�
3

+2695d+�4 + 73766t2+�
4 + 25760t+�5 + 3080�6

�
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Application examples

<latexit sha1_base64="dAvsMU9yXFU/w4T3Hfj77HhiBoM=">AAAB5HicbZDNTgIxFIXvICriH+rSTSMxcUVmNEQXLohuXGKUnwQmpFPuQEPnJ23HSCa8ga6MuvMlfA1fwLexAywUPKuv95wm91wvFlxp2/62civ51bX1wkZxc2t7Z7e0t99UUSIZNlgkItn2qELBQ2xorgW2Y4k08AS2vNF15rceUCoehfd6HKMb0EHIfc6oNqO7x0u7VyrbFXsqsgzOHMq1/OdZpnqv9NXtRywJMNRMUKU6jh1rN6VScyZwUuwmCmPKRnSAHYMhDVC56XTVCTn2I0n0EMn0/Tub0kCpceCZTED1UC162fA/r5No/8JNeRgnGkNmIsbzE0F0RLLGpM8lMi3GBiiT3GxJ2JBKyrS5S9HUdxbLLkPztOJUK/atucMVzFSAQziCE3DgHGpwA3VoAIMBPMMbvFu+9WS9WK+zaM6a/zmAP7I+fgBf2I0H</latexit>

x < 0
<latexit sha1_base64="8oYOf8woEQgKw6HLsiieKFStv8E=">AAAB5HicbZDNTgIxFIXvICriH+rSTSMxcUVmNERXhujGJUb5SWBCOuUONHR+0naMZMIb6MqoO1/C1/AFfBs7wELBs/p6z2lyz/ViwZW27W8rt5JfXVsvbBQ3t7Z3dkt7+00VJZJhg0Uikm2PKhQ8xIbmWmA7lkgDT2DLG11nfusBpeJReK/HMboBHYTc54xqM7p7vLR7pbJdsaciy+DMoVzLf55lqvdKX91+xJIAQ80EVarj2LF2Uyo1ZwInxW6iMKZsRAfYMRjSAJWbTledkGM/kkQPkUzfv7MpDZQaB57JBFQP1aKXDf/zOon2L9yUh3GiMWQmYjw/EURHJGtM+lwi02JsgDLJzZaEDamkTJu7FE19Z7HsMjRPK061Yt+aO1zBTAU4hCM4AQfOoQY3UIcGMBjAM7zBu+VbT9aL9TqL5qz5nwP4I+vjB2LWjQk=</latexit>

x > 0
<latexit sha1_base64="Ipu0eZVKALyKGRXRukk3CN7VhuI=">AAACBHicbVC7SgNBFJ31GdfXqqXNaBAiwbAriDaCaGMZwWggiWF2cmMGZx/M3BWXJa2W/ohWonYW1v6AH2LvJKbQxFOde8+5w5zjx1JodN1Pa2x8YnJqOjdjz87NLyw6S8tnOkoUhwqPZKSqPtMgRQgVFCihGitggS/h3L866unn16C0iMJTTGNoBOwyFG3BGZpV01mrtyLMbrr72MyKXXqzlRbrLZDIaHqxbVNq200n75bcPugo8QYkf5AvfL3f1zfLTefDvMmTAELkkmld89wYGxlTKLiErl1PNMSMX7FLqBkasgB0I+tH6dKNdqQodoD259/ejAVap4FvPAHDjh7Wesv/tFqC7b1GJsI4QQi5sRitnUiKEe01QltCAUeZGsK4EuaXlHeYYhxNb7343nDYUXK2XfJ2Su6J6eGQ/CBHVsk6KRCP7JIDckzKpEI4uSOP5IW8WrfWg/VkPf9Yx6zBzQr5A+vtG0UzmXw=</latexit>

ẋ = t+x� y + �y2
<latexit sha1_base64="TYutjO0mJjl2OfaGSB/rYBh6o58=">AAAB+XicbVDLSgNBEOyNr7i+VgUvXgaDEAmEXUH0IgS9eIxgHpCEMDuZJENmH8zMisu63+A36EnUm3/g2R/wQ7w7m+SgiXWq7qpuussNOZPKtr+M3MLi0vJKftVcW9/Y3LK2d+oyiAShNRLwQDRdLClnPq0ppjhthoJiz+W04Y4uM71xS4VkgX+j4pB2PDzwWZ8RrHSra+21e4FK4vTcQaVeNymldyZCptm1CnbZHgPNE2dKCpVC8fvjoX1U7VqfehGJPOorwrGULccOVSfBQjHCaWq2I0lDTEZ4QFua+tijspOM70/RYT8QSA0pGte/vQn2pIw9V3s8rIZyVsua/2mtSPXPOgnzw0hRn2iL1voRRypAWQyoxwQliseaYCKYvhKRIRaYKB1W9r4z++w8qR+XnZOyfa1zuIAJ8rAPB1AEB06hAldQhRoQuIcneIU3IzEejWfjZWLNGdOZXfgD4/0HJDSU+w==</latexit>

ẏ = 1 + d+x
<latexit sha1_base64="l+Qpo1x1vuDJeKg8Blbs4FDaIAo=">AAAB+nicbVC7SgNBFJ31GdfXqoWFzWAQIpKwK4g2QtDGMoJ5QLKE2ckkGTL7YOauGNb9Bv9BK1E7v8DaH/BD7J1NUmjiqc6959xhzvEiwRXY9pcxN7+wuLScWzFX19Y3Nq2t7ZoKY0lZlYYilA2PKCZ4wKrAQbBGJBnxPcHq3uAy0+u3TCoeBjcwjJjrk17Au5wS0Ku2tdvqhJAM0/Oic9RpJ8UU35kYm2bbytslewQ8S5wJyZfzhe+Ph9ZhpW196pdo7LMAqCBKNR07AjchEjgVLDVbsWIRoQPSY01NA+Iz5SajACk+6IYSQ5/h0fzbmxBfqaHvaY9PoK+mtWz5n9aMoXvmJjyIYmAB1RatdWOBIcRZD7jDJaMghpoQKrn+JaZ9IgkF3VYW35kOO0tqxyXnpGRf6x4u0Bg5tIf2UQE56BSV0RWqoCqiKEVP6BW9GffGo/FsvIytc8bkZgf9gfH+A5allTQ=</latexit>

ẏ = �1 + d�x

<latexit sha1_base64="lBanR8PvwALRsUSWUSPxmBcaaf8=">AAAB+XicbVDLSgNBEJz1GdfXquDFy2AQ4iFhVxC9CEEvHiOYByQhzE5mkyGzD2Z6Jcuab/Ab9CTqzT/w7A/4Id6dTXLQxDpVd1U33eVGgiuw7S9jYXFpeWU1t2aub2xubVs7uzUVxpKyKg1FKBsuUUzwgFWBg2CNSDLiu4LV3cFVptfvmFQ8DG4hiVjbJ72Ae5wS0K2Otd/qhpAORxfQSYujYREnJsam2bHydskeA88TZ0ry5Xzh++OhdVzpWJ96EY19FgAVRKmmY0fQTokETgUbma1YsYjQAemxpqYB8Zlqp+P7R/jICyWGPsPj+rc3Jb5Sie9qj0+gr2a1rPmf1ozBO2+nPIhiYAHVFq15scAQ4iwG3OWSURCJJoRKrq/EtE8koaDDyt53Zp+dJ7WTknNasm90Dpdoghw6QIeogBx0hsroGlVQFVF0j57QK3ozUuPReDZeJtYFYzqzh/7AeP8Bsm6VVg==</latexit>

ẋ = t�x� y

<latexit sha1_base64="fg2g88ONxrqPLaj6WIt2SykzcPA="></latexit>

µ+
2 = � + t+,

µ+
4 = � t+

3
(d+ + 2t2+ + 6t+� + 5�2),

µ+
6 =

t+
45

(9d2+ + 44d+t2+ + 52t4+ + 94d+t+� + 260t3+� + 50d+�2

+476t2+�
2 + 350t+�3 + 70�4),

µ+
8 = � t+

945

�
135d3+ + 1176d2+t

2
+ + 3508d+t4+ + 3392t6+

+2184d2+t+� + 14584d+t3+� + 23744t5+� + 1017d2+�
2

+22008d+t2+�
2 + 67724t4+�

2 + 13600d+t+�3 + 98224t3+�
3

+2695d+�4 + 73766t2+�
4 + 25760t+�5 + 3080�6

�
.

<latexit sha1_base64="y6yHsOp7oFGxl+MssphiuuWZaH8="></latexit>

µ�
2 = �t�,

µ�
4 =

t�
3

�
d� + 2t2�

�
,

µ�
6 = � t�

45

�
d� + 2t2�

� �
9d� + 26t2�

�
,

µ�
8 =

t�
945

�
d� + 2t2�

� �
135d2� + 906d�t2� + 1696t4�

�
.
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Application examples
<latexit sha1_base64="NJ6csos1PSRG6MLtdNASjWbQrJ4="></latexit>

Proposition. For the discontinuous piecewise linear system that becomes when

� = 0, the following statements are true.

(a) If t+ = t� = 0 then the system is piecewise Hamiltonian, and the origin

is a pseudo-center.

(b) For t+ = �t� 6= 0 and d+ = d� the origin is a pseudo-center whose

periodic annulus is symmetric with respect to the y-axis.

(c) For t+ = �t� 6= 0 and d+ 6= d� the origin is a weak pseudo-focus or order

2. In such a situation, there exists a small perturbation of any parameter

(t+, t�) giving rise to one periodic orbit.

(d) If t+ + t� 6= 0 then the origin is a standard pseudo-focus.

1. A linear-quadratic system with pseudo-focus at the origin
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Application examples
<latexit sha1_base64="spVHZJ75KW3AbKmS8SARPugPL7w="></latexit>

Proposition. When � 6= 0 the following statements hold.

(a) If � + t+ + t� 6= 0, then the origin is a standard pseudo-focus, being stable (resp.
unstable) when � + t+ + t� < 0 (resp. > 0).

(b) When � + t+ + t� = 0, the origin is a pseudo-center in any of the two situations

(i) (t+, t�, d�) = (0,��,�2�2), (ii) (t+, t�, d+, d�) = (�2�, �, 0, 0).

(c) If �+ t++ t� = 0, and ⇢ = d�t�+d+t++2t3�+ t3++4t2+t�+5t+t2� 6= 0, then the
origin is a weak focus of order 2, being stable (resp. unstable) when ⇢ > 0 (resp.
⇢ < 0). Then, there exist small perturbations of any parameter (�, t+, t�) leading
to the bifurcation of one limit cycle.

(d) If we take (t+, t�, d+, d�) =
�
�(1 + µ)�, µ�, (µ�� 1)�2, (µ�+ �� 2)�2

�
for some

new parameters (�, µ), excluding the cases µ = �1 and � = µ = 1 corresponding
to statement (b), then the origin is a weak pseudo-focus of order 3 or even higher.
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Concluding remarks

Gracias por su atención!

• A normal form has been proposed to analyze pseudo-equilibrium points of 
pseudo-focus type. 


• This canonical form allows us to compute half Poincaré  maps and 
characterize the orden of the pseudo-focus. 


• Some linear-quadratic systems have been studied, obtaining families with a 
rich variety of behaviors.


•  M. Esteban, E. Freire, E. Ponce and F. Torres, On normal forms and return 
maps for pseudo-focus points, J. Math. Anal. Appl. 507 (2022) 125774 
(available online 25 October 2021


