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Abstract

A new spectral problem is introduced, which is indicated to be the

negative counterpart of the mKdV spectral problem. Based on the fact,
some integrable nonlinear evolution equations are obtained, including
the derivative Schwarzian KdV equation, the mKdV5 equation and the
sine-Gordon equation. Besides, Lax pairs and finite genus solutions of the

equations are given.




Nonlinear evolution equations

_ 1, _3%
T2 T 4(Sw 25 )y'
The mKdV5 equation
(02 — 0, (Inw) — 4u?)(uz, —uy) =0,

The sine-Gordon equation
Txy = 4sinr.



Integrable systems

The Hamiltonian funcnons H,, H_,, are give by

.
A — Z;?:l Hmﬂ_zm-l_l ) |/1| > mClX{lllll, "ty |/1N|}

Hy =1 <o _ .
P S Hon P, 1A < min{| gl -, 1A 13

Where A4, -+, Ay are distinct constants and
Hj = [2°Q:(p, q)]2+ /12[1 — Q,(4p, p)] [1 + Q1(Aq, 9)],



Equation (2.8) implies two facts:

() H,, and H_,, share the same Integrals.
H,, is integrable, so H_,, Is integrable;

further, the linear combination' A,,, = H,, + H_, is integrable.

(il) H_, is the negative counterpart of Hy, .
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From integrable systems to
nonlinear evolution equations

The canonical equation of H is

—9H /2
Oy (Z) =( aH%qp) (2.9)

where t denotes the flow variable of H.

Let H = Hy,, ,7 = T4, accordingly, under the constraints

u=frp.q) = (.q) s=f"(pq =220 (210

H_,

the j-th component of equation (2.9) is close related to

the Lax pair of nonlinear evolution equations.



Example 1

H; == (—(p,q)? — (Aq, q) + (Ap,p)),

pj\ (—9H1/9p;\ [({p,q) 4 Pj
Ors (q,-)— ( 0H./dq; ) \ 4 —(p.q) (q,-)-
Denote t; = x, there is the mKdV spectral problem

t=vir, =04 *)x=(})



Example 2

m= —1,

H_y =/[1+ (A 1p,p)][1 —(A~1q,q)],

) (pj): (—aH_l/apj> . 0 AL +(A7p, p)] (pj)
*-1\9; 0H_1/0q; A1 —(A7q, q)] 0 ;)

Denote 7_; =y, there is the spectral problem(the negative counterpart of 1)

_ _( 0 /1_13_1) (X1
Xy =Voax, Voa= (/1—15 0 X7 (Xz)-



Lax pair and equations

Lax Pair:  x, =Vix, Xz, = Vimx

The Compatibility condition

Axty = Xtpx

gives

(Vl)'rm = (V)x — [V, Vil

From which some interesting equations are obtained.
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Example 3: m = 2

Lax Pair:  x, =Vix, X, = Vax,
2 1.3 1 34402
’ AU+ S U+ UL+ S Uy A +E(u — Uy)
2 — 2
A3+ E(u2 + u,) — (Azu + %u3 + uu, + iuxx)
- . 3, 1
quation: Up, = ~ZUUyx F 7 Uy
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Example 4

Example 5

Lax Pair:

Equation:

Lax Pair:

Equation:

Xy =Voax,  Xxo,=Vox
the derivative Schwarzian KdV equation

P 1(8 3532,)
T2 = 4 \°YW s ) -
y

Xe=Vaix, xey, =Vix, Vi=V_ 4V
the mKdV5 equation
(02 — 9, (Inw) — 4u®)(uz, —u,) = 0.
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Example 6

Lax Pair:  x, =V_oix,  xx =Vix,

Equation: st —s, —2u = 0,(Ins).

<
<
|

By eliminating u in the above equation, we have

(Ins)yy = —2(s™1 = s).

Let r = —V—1Ins, then r satisfies the sine-Gordon equation:
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Finite genus Solutions

If ¢ = 2% and a(Q) = [T)~,(¢ — A7), then there are some decompositions

m(Q)
a(Q)’

H7 =28 RO =CIBNME -2 1-Qpp) =22, n(Q) =T1,(0-v?); 1+Qi(Aq.q) =

a?(Q) a(Q) m(() H}q=1(( - gjz) : (41)

The algebraic curve is defined by I': é2 — R(¢) = 0, with the genus g = N. On T, the normalized holomorphic differential is

1 _
©=LRO (Clcg Tt Cg)/ (4.2)

C,, -+ C4 are constants. Let Py be a fix point on T, then the Abel-Jacobi coordinates are defined by
50 ffD o, p=3o o, (4.4)

{v?} and {7} provide the elliptic coordinates.
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Example /

g=1

The algebraic curve T:

§2—R() =0,R() =3¢ —21) ((—23).
Then equations (4.2) and (4.4) present two elliptic equations

(dvi/dg)? = 16C1* R({), (def/di)? = 16CF R(Q),

which can be solved directly by elliptic functions in several forms of different parameters. Now we chose one as
an example.
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Example 7(g = 1)

Let A = A3, m? = A% /23, k? = 415/C#, then we have solutions
vf = ASn*(k(¢ — ¢o),m), &f = ASn*(k(yp — o), m).

4k?

Specially, let m? = 1, b = —8k?=-3243/C{, c = —— = 16/C{, the above solutions turns into

v} = = tanh? (52 (& = @), &f = — - tanh® (37 @ = wodo) )

Based on (2.10) and (4.1), the relation holds: u? = 24% — 2H; — (v{ + €f). Thus the explicit solution of e mKdV5

equation is given by

b —b
u=+= |22 — 2H, + — tanh? | — (xQ, — C,Q
\/ 1 1+ 57 (2\/2( 1 —C; z)>
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